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(3 2.6) Let p be a prime number; for any natural integer n > 0, we define
vjtn) as the exponent of p in the decomposition of n into prime numbers.
It follows at once from that definition that
(3.2.6.1)	v^nn') = vp(n) 4 0//0
for any pair of integers >0. Next let x = ±r/j be any rational number ^0,
with r and s integers >0; we define vp(x) = vp(r)-vp(s)i this does not
de^nd on the particular expression of x as a fraction, as follows at once
from (3.2.6.1); the same relation also shows that
(3.2.6.2)	vp(xy) = vp(x) + vp(y)
for any pair of rational numbers ^0. We now put, for any pair of rational
numbers x,y,d(x,y)=p-v*(x~y> if x*y, and d(*5x) = 0; we will prove
this is a distance (the so-called "p-adic distance") on the set Q of rational
numbers. Axioms (I), (II) and (III) follow at once from the definition;
moreover, we prove the following reinforced form of axiom (IV):
(3.2.6.3)	d(x, z) ^ max(d(jc, y), d(y, z)).
As this is obvious if two of the elements x, y, z are equal, we can suppose
they are all distinct, and then we have to prove that for any pair of rational
numbers x9 y such that x i=- 0, y ^ 0 and x — y + 0, we have
(3.2.6.4)	vp(x - y) ^ mm(vp(x\ vp(y)).
We may suppose vp(x) ^ vp(y); using (3.2.6.2), the relation to prove reduces to
(3.2.6.5)	z;p(z-l)>0
for any rational z such that z ^ 0, z ^ 1 and vp(z) ^ 0. But then, by definition,
z =p ±krjsy with h ^ 0, r and s not divisible by p; as z ~ 1 has a denominator
which is not divisible by/?, (3.2.6.5) follows from the definition of vp,
Other examples will be studied in detail in Chapters V, VI, and VII,
3. ISOMETRIES
Let E, E' be two metric spaces, d, d' the distances on E and E'. A bijection
/ of E onto E' is called an isometry if
for any pair of elements of E; the inverse mapping/ -1 is then an isometry of
E' onto E. Two metric spaces E, E' are isometric if there is an isometry
of E onto E'. Any theorem proved in E and which involves only distances
between elements of E immediately yields a corresponding theorem in any

